In this paper Jordan algebraic methods are applied to study Toeplitz operators on the Hardy space H2(S) associated with the Shilov boundary 5 of a bounded symmetric domain D in C" of arbitrary rank. The Jordan triple system Z « C" associated with D is used to determine the relationship between Toeplitz operators and differential operators. Further, it is shown that each Jordan triple idempotent e £ Z induces an irreducible representation ("e-symbol") of the C*-algebra \T generated by all Toeplitz operators 7} with continuous symbol function/.
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Abstract.
In this paper Jordan algebraic methods are applied to study Toeplitz operators on the Hardy space H2(S) associated with the Shilov boundary 5 of a bounded symmetric domain D in C" of arbitrary rank. The Jordan triple system Z « C" associated with D is used to determine the relationship between Toeplitz operators and differential operators. Further, it is shown that each Jordan triple idempotent e £ Z induces an irreducible representation ("e-symbol") of the C*-algebra \T generated by all Toeplitz operators 7} with continuous symbol function/. 0. Introduction. Toeplitz operators on the boundary T = 3A of the open unit disc A C C play an important role in function theory of one complex variable (cf. [9, Chapter 7] ). In several dimensions Toeplitz operators have been mainly studied for strictly pseudo-convex domains D C C" [4, 13, 14, 24, 28] , in particular for the Hubert ball [7] , using the relationship with pseudo-differential operators. Another class of domains in C" generalizing the unit disc is the class of bounded symmetric domains (Cartan domains and exceptional domains), which have a more complicated boundary structure compared to the strictly pseudo-convex case.
The aim of this paper is the study of Toeplitz operators Tf with continuous symbol function/G ¿(S) on the Shilov boundary S of a bounded symmetric domain D of arbitrary rank r. In the special cases of the Hubert ball (r = 1) and the Lie ball (r -2), the structure of the operators Tf and of the Toeplitz C*-algebra ?T:= C*(7}:/ee(S)) generated by these operators is well understood (cf. [1, 2, 7] ). The general analysis presented here is based on the Jordan theoretic characterization of bounded symmetric domains. By [16, 20] every bounded symmetric domain D can be realized as the open unit ball of a uniquely determined Jordan triple system Z « C" for the so-called spectral norm, and the domains of tube type correspond exactly to the Jordan triple systems defined by complexified formally-real Jordan algebras. The holomorphic and boundary structure of D can be described algebraically in terms of the associated Jordan structures (cf. [20, §6] ).
In [27] the Jordan triple system corresponding to D has been used to determine an explicit Peter-Weyl decomposition of the Hardy space H2(S) associated with S. Based on the construction of the conical polynomials belonging to the irreducible components of H2(S), our first main result (Theorem 2.1) concerns the relationship between the invariant differential and integral scalar products on these components. As an application it is shown that, similar to the strictly pseudo-convex case, certain " basic" Toeplitz operators can be described by differential operators defined via the Jordan triple product (Theorem 2.11). In §1 the fundamental kernel functions (Szegö and Poisson kernel) are characterized in Jordan theoretic terms.
Applying the above results, it is shown in §3 that each tripotent e G Z (satisfying the Jordan triple identity {ee*e} = e) gives rise to an irreducible representation ("e-symbol") of the Toeplitz C*-algebra 5" on a suitable Hardy space. Actually it can be shown that every irreducible representation of 9" has this form, which implies that ?Tis a solvable C*-algebra (in the sense of [10] ) of length r = rank(D). whenever g e HX(S) (the bounded holomorphic functions) and/ e LX(S). Here * denotes the Hilbert space adjoint. Our study of Toeplitz operators will be based on the Jordan theoretic description of bounded symmetric domains in terms of Jordan algebras and Jordan triple systems [16, 20] . To indicate this relationship, recall that the Lie algebra g of G can be identified with the set of all complete holomorphic vector fields on D [22, Chapter 9] . Holomorphic vector fields will be regarded as differential operators A = h(z)(d/dz), where h: D -* Z is holomorphic and z denotes the "coordinate" of Z, acting on holomorphic functions/: D -» C via The domain D can be characterized as the ope« wm 6a// of the Jordan triple system Z for the so-called spectral norm. It is well known [16, 20] 
where N denotes the generic norm of the associated JB*-triple Z (cf. [19, §16] ).
The homogeneous part of bidegree (1.1) of the " sesquipolynomial" mapping N: Z X Z -» C is called the generic trace [19, §16] and is a /^-invariant scalar product on Z, denoted by ( j ). By [17, p. 342 The Shilov boundary of (classical) symmetric domains of rank < 2 is (essentially) a sphere of appropriate dimension. In this special case, Toeplitz operators are closely related to Calderbn-Zygmund operators (pseudo-differential operators of order 0) [1, 2, 7] . Using harmonic analysis in H2(S), we will now study relations between Toeplitz operators and certain differential operators for irreducible domains of arbitrary rank.
According to [25] the Hilbert space H2(S), endowed with the K-invariant integral scalar product On the other hand, the generic trace on Z associates a constant coefficient differential operator dp with each polynomial p G 6y(Z) such that Proof. Using multiplicative properties we may assume/is linear, hence/ = u* for some u G Z. Since the subspaces 9k(Z) of all /c-homogeneous polynomials are mutually orthogonal, we may assume further that q -(v*)k and p G 9k~\Z) for suitable IcEN and v G Z. In this case,
Q.E.D. The transformation properties of the Poisson kernel 9 of D (cf. [17, §4] ) imply that for every g G G, with z : = g(0), the image measure g^ has the density function 9z(v) '■-<$(z, v) for all v G 5, i.e. g",/t = 9Z • ju,. This leads to the following result which will be considerably sharpened in §2. 
Q.E.D.
A bounded symmetric domain D is said to be of tube type if D is holomorphically equivalent to a tube domain over a self-dual homogeneous cone. In terms of the associated 7B*-triple Z, this case is characterized by the existence of a unitary element e G Z (satisfying {ee*z} = z for all z G Z) making Z into a Jordan algebra with unit e, product z ° w '■-{ze*w} and involution z* := {ez*e}. The Jordan algebras obtained in this way (called JB*-algebras in [27] ) are precisely the complexifications of formally-real Jordan algebras [5, Chapter XI] .
Toeplitz operators on symmetric domains of tube type have special properties which derive from the existence of the norm function N G 9(Z) of the corresponding /Z?*-algebra Z, normalized by N(e) = 1 and related to the generic norm of the underlying JB*-triple via N(e -z) = N(e, z*) for all z G Z (cf. [19, p. The following lemma will be used in §2.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof. We may assume v E Zpq for 0 < p < o < r -/:. Further, we may assume Z is a /y3*-algebra since u(3/3z )#", = 0 if p = 0. The proof is by induction on r, the case r= 1 being trivial. If r s* 2, then Zr_,, defined in (2.1), is an irreducible yfi*-algebra of rank r -1. Now Nm -N" ■ N"'r, where n '.= (m, -mr,...,mr_x -mr, 0). For / : = v*, the product rule implies
To treat the first summand, observe that (u(3/3z))/V" = 0 if p = 1. Hence we may assume O^cë Zr": and, therefore, 0 < k < r -1. The induction hypothesis applied to Zr_, yields (4Ke.?,jw k<.j<r To treat the second summand, we may assume mr= 1. If /> < q =£ r -k, then := (t;e*z}(3/3z) E n+ by [27, Theorem 1.7 ] and a straightforward computation shows w := exp(A)(eq) = eq + v/2 + aep for some a E C. Since /Y is n+ -invariant, it follows that W¿iv)(exp(^)z) = (,9¿7v)(z).
Hence we may assume p -q and v = eq for 1 < q *£ r -k. Since /V" E %(Z) 3. The Toeplitz C*-algebra. The mapping f\-> Tf from Lao(S) into the C*-algebra £(//) of all bounded linear operators on the Hubert space H '■= H2(S) is by definition (completely) positive but not a homomorphism. In particular, Toeplitz operators are in general not normal and do not necessarily commute. The appropriate object to study Toeplitz operators is therefore the C*-algebra C*(7^: / E 2) generated by all Toeplitz operators Tf with / belonging to a certain "symbol algebra" 2 C LX(S). For 2 = L°°(S), the structure of the corresponding C*-algebra is unknown even in the simplest case of the unit circle S C C (cf. [9, §7] ). For continuous symbols/E Q(S) however, there exists a satisfying structure theory for the Toeplitz C*-algebra °J:= C*(Tf: f E Q(S)) associated with the Shilov boundary S of a bounded symmetric domain D of arbitrary rank. The following results concerning the structure of S" generalize results of C. Berger, L. Coburn and A. Korányi [1, 2, 7] for domains of rank < 2. Let & denote the unital C*-algebra (acting on %(Z)) generated by all operators Av for v G Z. Then also BD G 6 and for fixed r G T, the operators Av + tBv for ü G Z generate an abelian C*-subalgebra of 6, as follows from Proposition 1.8. In particular, G is generated by two abelian C*-subalgebras (cf. [23] ).
Proposition 3.2. Let Z be an irreducible JB*-algebra. Then 9" is a C*-subalgebra of the C*-algebra tensor product 6 ® 5"T ( with respect to (3.1)) and the closed commutator ideal 5' of 9 satisfies 5"' = C ® XT. //ere 5"T (reí/?. 5CT) denotes r/ie Toeplitz C*-algebra (resp. the C*-algebra of all compact operators) on H2(T). Proof. Since/? -pe vanishes on e © Se, Lemma 3.3 yields the assertion. Q.E.D. In order to prove a similar result for the adjoint operators, some preparation is needed. In the next two lemmas, Z is assumed to be irreducible. There exists a frame {ex,...,er} of Z such that e = er+l_k + • • • +er for some k G {0,...,r}.
For any fixed ß E N+_A:, let P^ denote the orthogonal projection of H2(S) onto the Hubert sum of all /¿-modules Em with signatures of the form m = (m,,... ,mk, n).
Lemma 3.5. For ¡i = (mk+,,..., mr) E N+~* put m '■= (mk+x,. ..,mk+x, ju) E N+ . Then pNmtPA[H2(S)), Proof. We may assume q is the conical polynomial on Ze with signature ¡x E N+~Á". Since Nm -q vanishes on e © Se, Lemma 3.3 implies Pv(h'eq) ~ Pv(h'eNm).
\í¡i^v, then Pv(KNm) = 0 by (3.2) and qr = 0. If /t = ?, then (3.2) implies PÁKK,) = KNm ~ h'eq = h\qv. Q.E.D.
Lemma 3.7. Let Z be a JB*-triple, p E %Z) and q G <3>(Ze). Then Tf(h'eq) K iTffl).
Proof. By simple tensor product considerations, we may assume Z is irreducible. Further, using multiplicative properties, we may assume/? = v* is linear. If v G Zf , then p -pe vanishes on e © Se and pe is constant, hence applying the Szegö projection tt and Lemma 3.3 yields the assertion. Now assume v G Ze. Since every y G Ke has an extension g G K fixing e, we may assume q is the conical polynomial Denote by % the »-algebra generated by all Toeplitz operators T for/? G 6y(Z).
Theorem 3.8. For each tripotent e of a JB*-triple Z there exists an irreducible representation ("e-symbol") ae of the Toeplitz C*-algebra. 5" on the Hardy space H2(Se), uniquely determined by one of the following properties: that TpG& and ae(Tp) = Tp; Further, Lemma 3.7 implies Tf G 6£ and ae(Tf) = Tf.
Hence &-% and, by (3.5), ae has a unique extension to a C*-algebra homomorphism on 9" satisfying (i). Since ae(9") is the Toeplitz C*-algebra on S,,, ae is irreducible by Lemma 3.1. Q.E.D. Hence Tf G ker(ae)\ker(ac).
Q.E.D. The irreducible representations corresponding to maximal tripotents e G S are 1-dimensional, i.e. characters. We will now show that these are the only characters of
